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Fig. 1. Cross-parameterization takes as input a source mesh (left) and a target mesh (right) and attempts to map the source mesh into the
target one. The implemented technique consists of two main stages. First, a coarse fitting step based on LS-meshes roughly approximates the
source to the target (middle left). Next, fine details are added into the coarse approximation using iterative Laplacian editing with reliable
correspondence constraints (middle right).

Abstract—In this paper we present an implementation of a
technique of cross-parameterization of three-dimensional sur-
faces represented by triangle meshes. Given a source mesh and a
target mesh, the problem is to find a map that takes the geometry
of the source mesh into the target one. The transformation scheme
adopted in our implementation is based on a template fitting
method proposed in [1] and comprises two main stages: coarse
and fine fitting. The coarse fitting step relies on a number of user-
defined correspondence points between the source and the target
and creates a rough approximation by converting the source
into a least-squares mesh [2]. In the fine fitting stage, geometric
details are added into the coarse approximation using iterative
Laplacian editing constrained by extra reliable correspondence
points determined automatically. The latter step is performed on
the primal and dual source meshes in order to produce near-
equilateral mesh elements and avoid the occurrence of triangle
foldovers. The paper introduces the mathematical foundations of
the technique and discusses the aspects of our implementation.
The results are compared against those provided in [1].
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mesh; least-square mesh.

I. INTRODUCTION

The overall goal of the cross-parameterization is to establish
a mapping between a source and a target surface, in this paper
represented by triangle meshes, without the use of a interme-
diate parameterization domain. With such cross mapping it
is possible to transfer a function (e.g., spatial and/or texture
coordinates), from the source to the target, with applications
in morphing and shape blending, among others.

In general, cross mapping methods require an initial corre-
spondence between a number of pairs of features or control
points on the source and target meshes, usually specified by
the user, from which new correspondences between elements
of the two meshes can be derived. Different techniques involve

some kind of distortion or deformation driven by an objective
function, or energy, which defines a metric of the similarity
of such correspondences and satisfies some kind of boundary
condition determined by the control points.

Several techniques proposed in the literature require that the
genus of the source and target surfaces be equal (informally,
the genus of a connected surface is given by the number of
“holes” in the surface, i.e., a sphere has genus 0, a torus
has genus 1, a bitorus has genus 2, etc.). In a recent paper,
Yeh et al [1] introduced a cross parameterization method
that, according to the authors, is able to deform efficient
and robustly the geometry of meshes with arbitrary (but not
distinct) genus while imposing fewer restrictions on their
shape or pose. Mainly for this reason this was the method
we choose to implement. This one takes as input a source
and a target mesh and a number of control points, specified
by the user, which define the initial correspondence between
some features taken on the source and the target surfaces.
The method comprises two main steps. The first one uses
the initial control points as constraints of a reconstruction
surface technique based on the concept of least-square (LS)
meshes [2], and is responsible for a coarse approximation of
the geometry of the source into the target mesh. The second
one is an iterative process of fine fitting where, at each step,
more control points are automatically set up and used as
constraints in the LS-mesh technique. This last stage operates
on the domains of the primal and dual source meshes in order
to produce near-equilateral triangles and reduce the occurrence
of triangle foldovers.

As main contribution, we hope that our implementation can
be a useful tool for comparison with new techniques of cross
mapping to be developed in future work.



II. RELATED WORK

Mesh parameterizations are bijective maps from a given
input to a standard parametric domain which varies according
to the genus of the input mesh. Closed surface genus-0 meshes
can be parameterized to spherical domains using extensions of
planar techniques [3], [4], [5], [6]. Mesh of arbitrary genus can
be mapped to the plane [7] or to a topologically equivalent base
domain [8], [4], [9]. Cross-parameterization techniques, on the
other hand, consist of establishing correspondences between
source and target meshes directly, without the intervention of
a common domain. Many of the existing approaches [10], [11],
[12], [13], [14] require that the source and target be of the same
genus. The technique presented in [14] is guaranteed to work
only on genus zero meshes, while the approach in [10] finds a
maximal non-separated cut graph on each input mesh, ensuring
the success of the algorithm on meshes of higher genus. Both
methods operate on finding compatible base triangulations on
the input models. The techniques in [15], [16], [17] allow for
the mapping between meshes of different genus, but with some
limitations; in [15], for example, the user is required to man-
ually specify control meshes with the same number of faces
for both the source and target meshes. Approaches involving
cross-parameterization and competitive learning based on self-
organized maps (SOMs) are used in [18] for genus-0 meshes,
and extended to higher genus parameterization in [19], [20].
Newer methods, such as Sumner and Popović [21] and Zhang
et al [13], propose solutions which deform the source mesh
onto target mesh, requiring however that the source and target
meshes have similar orientation and position. In [1] the authors
suggest that these techniques as more related to the scheme
proposed in their work, using them to make comparative tests.

III. TECHNIQUE OVERVIEW

We begin this section by introducing the notation to be used
in the remainder of the paper. We define a triangle mesh as
a pair (V,F), where V is a set of vertices and F a set of
triangles. The number of vertices and triangles of the mesh are
denoted by nv = |V| and nt = |F|, respectively. The position
of a vertex vi ∈ V is defined by (xi, yi, zi) ∈ R3. A triangle tk
is defined by (k1, k2, k3) ∈ I3 such that {vk1 ,vk2 ,vk3} ⊂ V .
The triple (k1, k2, k3) is the incidence of tk. The direction of
the unit normal vector Nk of the triangle tk obeys the right-
hand rule, i.e., it is the direction along the axis of rotation
determined by a traversal of the vertices vk1

, vk2
, and vk3

, in
this order. It is assumed that Nk points to the outside of the
surface represented by the mesh. If the surface is continuous,
then the normal ni of the vertex vi can be taken as the unit
vector resulting from the sum of the normal vectors of all
triangles sharing vi.

The 1-ring of the vertex vi is the set N1(vi) of all vertices
that can be reached from vi by moving along an edge incident
at vi. N1(vi) is the neighborhood of vertices (topologically)
nearest to vi. The valence or degree of vi is di = |N1(vi)|.
The k-ring of vi is the set Nk(vi) of all vertices that can be
reached from vi by moving along at most k edges, starting
with an edge incident at vi.

The dual mesh of a (primal) mesh M = (V,F) is denoted
asM∗ = (V∗,F∗), where V∗ and F∗ are the dual vertices and
dual faces, respectively. Each vertex v∗k ∈ V∗ corresponds to
the centroid of the triangle tk ∈ F . Two dual vertices are con-
nected if their corresponding primal triangles are neighbors,
i.e., share an edge in the primal mesh. The 1-ring of a dual
vertex v∗k corresponding to the triangle tk is the set N ∗1 (v∗k)
of primal triangles which share an edge with tk (the concept
also can be extended to a k-ring neighborhood).

The Yeh’s cross-parameterization technique takes as input
a source mesh S = (Vs,Fs) and a target mesh T = (Vt,Ft),
where the indices s e t indicate source and target elements,
respectively. The main goal is obtain a mapping between the
meshes from which it is possible to deform the source mesh
in order to approximate the target geometry. The technique
consists of two stages: coarse and fine fitting.

A. Coarse fitting

The coarse fitting uses the surface reconstruction technique
proposed by Sorkine [2] which is based on the the concept of
least-squares mesh. A LS-mesh (V,F) is constructed from the
connectivity provided by the triangles in F , being the position
of each vertex vi ∈ V approximated such that vi is closest (in
the least-squares sense) to the centroid of its 1-ring.

A vertex vi is positioned at the centroid of its 1-ring if

vi −
1

di

∑
j|vj∈N1(vi)

vj = 0,

where 0 = (0, 0, 0). Writing the above fairness condition for
all vertices of V results the following linear system:

L
[
v1 v2 · · · vnv

]T
= LV =

[
0 0 · · · 0

]T
, (1)

where L is the Tutte Laplacian of the mesh:

Lij =


1 if i = j,

− 1

di
if vj ∈ N1(vi),

0 otherwise.

The matrix L is singular, therefore not invertible. Providing
the coordinates of some control vertices allows us to get a
nontrivial and unique solution. One way to solve the system is
to employ a scheme of reduction [22] which removes the lines
and columns corresponding to the control vertices. Solving the
reduced system gives the position of the remaining vertices,
while the control vertices are positioned exactly at the given
coordinates, i.e., the prescribed positions of the control vertices
are hard constraints in Equation (1).

LS-meshes adopt a distinct approach: the control vertices
are positioned closest (in the least-squares sense) to the given
coordinates; i.e., the prescribed positions of the control vertices
are soft constraints. Let Cs = {c1, c2, . . . , cm} be the set of in-
dices of m control vertices of S and let Rt = {r1, r2, . . . , rm}
be the set of indices of the m corresponding vertices of T .
Such relation means that, for each pair (ck, rk), the position
of vs

ck
∈ Vs in the source LS-mesh S should approximate



vt
rk
∈ Vt in the least-squares sense. These constraints are

imposed on Equation (1) by adding m rows to the system,
which becomes rectangular (nsv +m)× nsv:

As Vs =

[
Ls

F

]
Vs =

[
b1 b2 . . . bns

v+m

]T
= B, (2)

where

Fij =

{
1 if j = ci ∈ Cs
0 otherwise,

(3)

and

bi =

{
0 if i ≤ nsv,
vt
ri−ns

v
if nsv < i ≤ nsv +m.

(4)

System (2) is solved in the least-squares sense, i.e., we find
Vs = [vs

1,v
s
1, . . . ,v

s
ns ]T that minimizes:

‖As Vs −B‖2 = ‖Ls Vs‖2 +
m∑

k=1

〈vs
ck
− vt

rk
〉2, (5)

where we use 〈v〉2 to denote the vector (v2x, v
2
y, v

2
z). This

system has unique analytical solution Vs = (AT
sAs)

−1As
TB,

since As is full rank [2].

It is possible assign individual weights wk to the control
vertices; in that case, the energy to be minimized is:

‖Ls Vs‖2 +
m∑

k=1

w2
k〈vs

ck
− vt

rk
〉2.

As the value of wk increases, the vs
ck

position becomes closer
to vt

rk
, at the expense of compromising the fairness conditions.

In summary, the coarse fitting reconstructs the source mesh
S as a LS-mesh by solving Equation (5) in order to determi-
nate its geometry. Since the positions of the control vertices
are constrained by corresponding vertices in T , the source
approximates the target, as show in Fig. 1 (middle left).

B. Fine fitting

The fine fitting iteratively computes reliable correspondence
points between the LS-mesh obtained in the coarse fitting
and the T . Next, the fine fitting updates the geometry of S
accordingly, essentially adding extra soft constraints to the LS-
mesh processing. This stage is performed until meshes S and
T are close enough according to some distance measurement.
At each step reliable points between the transformed S and
T are determined as follows: each vertex vt

i is projected onto
S along vt

i’s normal direction. The intercepted triangle tsj (if
any) and vt

i make a reliable pair (vt
i , t

s
j) if:

1) The angle between the normals nt
i of vt

i and Ns
j of tsj

is less than 90o, i.e., nt
i ·Ns

j > 0;
2) The k-nearest neighbors of vt

i project onto neighboring
faces of tsi (we adopt k = 1).

Next, we perform a dual relaxation in order to compute the
geometry of the dual mesh S∗. For each primal triangle tsj that
received one or more reliable projected points (see Fig. 2), we
compute the centroid ctj of these points and set it as hard

Fig. 2. Reliable correspondences between vertices of T (bottom) and a
primal triangle of S (top). The corresponding dual vertex is “matched”.

constraint for the corresponding “matched” dual vertex v∗sj in
the linear system

L∗sV
∗
s =

[
0 0 . . . 0

]T
ns
f×3

. (6)

Solving the above system gives us the positions of the un-
matched dual vertices which are uniformly flattened in the
regions that are surrounded by the nearby matched ones, i.e.,
with reliable correspondences. This local flattening technique
is expected to avoid triangle foldovers.

Once the position of each vertex v∗sj in dual mesh is
obtained, we use them as soft constraints in the LS-mesh setup
to refit the dual source mesh S∗. More precisely, we compute
V∗s that minimizes

ω2‖L∗sV∗s‖2 +
ns
f∑

i=1

wi〈v∗si − c∗ti 〉2, (7)

where the smoothness term is controlled by the weight ω (Yeh
uses ω = 7.0). The individual weights wi are set to the average
surface variation [23] of the dual vertex v∗ti , measured on
T . This scheme allows for a tighter approximation in high-
curvature areas of T (where the weights are higher) and good
triangle quality in flat areas (where the weights are lower).
Given a point p and its n-nearest neighborhood Nn(p) (we
adopted n = 2), the surface variation of p is

σn(p) =
λ0

λ0 + λ1 + λ2
,

being λ0 < λ1 < λ2 the eigenvalues of the covariance matrix

Cn(p) =

p1 − p
...

pn − p

T p1 − p
...

pn − p

 , pi ∈ Nn(p),

where p is the centroid of Nn(p).

To transform the fitting result obtained in Equation (7) back
to the primal domain, we find Vs that minimizes the following
LS-system:

‖LsVs‖2 + αC1(Vs) + βC2(Vs) + γC3(Vs). (8)

The first energy term C1 corresponds to the dual mesh
fitting. Since each dual vertex v∗si corresponds to a primal



triangle tsi , this term forces the centroid of the primal vertices
{vs

i1
,vs

i2
,vs

i3
} of tsi to fit the dual vertex v∗si :

C1(Vs) =

ns
f∑

i=1

w2
i

〈
1

3
(vs

i1 + vs
i2 + vs

i3)− v∗si

〉2

, (9)

where the weights wi are computed using the surface variation
measure.

To improve the fitting of surface details, the energy terms
C2 e C3 are added. For each high-curvature vertex vt

i in T ,
the reliable projection criteria described earlier is used to find
a corresponding position in the transformed source mesh S.
Let (vt

i , t
s
j) be the reliable pair and ps

i the point resulting
from the projection of vt

i onto tsj . This point can be written
as a linear combinations of the tsj’s vertices using barycentric
coordinates: ps

i = b1v
s
j1

+ b2v
s
j2

+ b3v
s
j3

. For a set B of
matched high-curvature vertices on T , we have:

C2(Vs) =
∑
i∈B

w2
i

〈
(b1v

s
j1 + b2v

s
j2 + b3v

s
j3)− vt

i

〉2
. (10)

The last term C3 is formulated by the geometry constraints of
unmatched high-curvature vertices on T :

C3(Vs) =
∑
i∈U

w2
i

〈
vs
k − vt

i

〉2
, (11)

where U is the set of unmatched vertices and vs
k is the vertex

of S nearest to an unmatched vertex vt
i ∈ U .

Enforcing the energy term C1 leads to a better mesh quality,
while enforcing the energies C2 and C3 yields to better
correspondence in high-curvature regions of T . We use (as
Yeh) α = 3.0, and β = γ = 1.0.

The fine fitting process is repeated several times, each step
making the source mesh closest to the target. Yeh [1] stops
the iteration when the Hausdorff distance [24] between the
source and the target decreases by less than 1 percent of
the current distance. After the fitting procedure is completed,
an optional subdivision step (e.g. 1-4 subdivision) can be
performed to improve the approximation quality in cases
where the resolution of the source is initially lower than that
of the target mesh. The final positions of the new vertices
resulting from the subdivision are determined by minimizing
Equation (7), i.e., refitting using the new connectivity.

IV. ASPECTS OF IMPLEMENTATION

Our code was implemented in MATLAB and C++ to take
advantage of the best of both languages. The main reasons for
using MATLAB are the number of mathematical functions
available, and the ease with which some types of data are
handled, in particular matrices. As a result, we are able to
implement numerical solutions faster than if we use traditional
languages such as C++. However, MATLAB was designed
to operate in a matrix programming style. Thus, MATLAB
programs involving several loops may perform poorly when
compared to programs written in other languages. In such
cases, it is advisable to mix or write functions in other

Fig. 3. ILSM: graphical tool for interactive specification of pairs of
corresponding control points (drawn as red circles) to be used in coarse fitting.

programming language, call them from MATLAB and then
return back the output results to MATLAB.

The first task is data reading. The geometry and connectivity
of both source and target meshes are organized into files (we
use PLY and OBJ formats) which are passed as input for our
program. After reading, a preprocessing step computes data
which are used in both coarse and fine fitting stages. For
the source S we compute the Tutte Laplacian of the primal
and dual meshes, 1-ring of the primal triangles, and primal
triangles’ normals. For the target T we calculate the 1-ring
and the surface variation of each primal vertex.

A. Coarse fitting

To specify pairs of corresponding control points to be used
in coarse fitting, we provide an interactive MATLAB tool,
called ILSM (interactive LS-meshes), which helps users freely
add, remove, and modify corresponding points while observing
the result on-the-fly (see Fig. 3). These control points and the
meshes are passed as input to the main program. With the
Tutte Laplacian of the primal source mesh already computed
in the preprocessing step, the creation and concatenation of the
sparse matrices Ls and F, as well the solution of the linear
system (5), are easily performed in MATLAB. After the coarse
fitting, the resulting source LS-mesh roughly approximates the
target mesh.

B. Fine fitting

In each step of the fine fitting stage is necessary to find the
reliable correspondences between the meshes S and T . The
performance of this process is strictly related to the efficiency
with which the intersection of a projector with a mesh is
determined. To optimize this process, we adopted a bounding
volume hierarchy (BVH) for partitioning the source mesh S.
Our BVH is a hierarchical binary tree of axis-aligned bounding
boxes (AABBs) that allows to find quickly if and in which
triangle a projector hits the mesh (the C++ implementation
details can be found in [25]). After computing the intersection
points, they are classified as reliable or unreliable as explained
previously. We implement these operations in a C++ function



which is called from MATLAB using the mex interface (see
www.mathworks.com/help/matlab/ref/mex).

Back to MATLAB, the reliable points are submitted to the
dual relaxation, which involves the solution of the hard- and
soft-constrained systems (6) and (7), respectively. Finally, the
primal geometry Vs of S is computed from the dual geometry
V∗s . This last procedure requires the solution of one more
LS-system given by Equation (8), which involves the energy
terms (9), (10) and (11). The individual weights wi (each of
which represent the curvature at a point) were computed using
the surface variation [23] in the preprocessing step.

In our program, the maximum number of iterations of the
fine fitting stage is defined by the user for each problem to be
solved.

V. RESULTS AND COMPARISONS

Table I summarizes data for some models we use to test our
implementation. For each example is shown the name of the
source and target meshes, the number of vertices and triangles,
and the number of initial control points used in coarse fitting.
For comparison, the input models and the control points are the
same used in [1]. All the tests were performed on a workstation
equipped with CPU Intel Xeon E5620 and 12 GB of RAM.
Fig. 5 shows the results obtained with our implementation and
Yeh’s implementation for the test cases 2 to 9 (our result for
the test case 1 is shown in Fig. 1).

TABLE I
MESHES AND CONTROL POINTS USED FOR TESTS.

# Source Target |Vs| |Fs| |Vt| |Ft| CP
1 Camel Dinosaur 6k 12k 87.5k 175.1k 37
2 Camel Horse 6K 12k 80.6k 161.3k 34
3 Cat Bunny 2.6k 11k 104k 208.9k 26
4 Man head Venus 7.7k 15.4k 150k 300k 21
5 Horse Rabbit 3k 6k 90k 180k 40
6 Sphere Ball joint 18.8k 37.5k 51k 102.7k 25
7 Sphere Gums 6.3k 12.5k 87.4k 174.9k 30
8 Sphere Tooth 6.3k 12.5k 65.7k 131.3k 16
9 Torus Star 1k 2k 83k 93.3K 25

The total parameterization times (in seconds) are provided
in Table II. The first column shows how many iterations in the
fine fitting stage were performed in each test (for comparison,
we adopted again the values used in [1]). The middle and last
columns show the coarse and fine fitting processing time for
our implementation and Yeh’s implementation, respectively.

TABLE II
PERFORMANCE COMPARISON.

# Iterations Yeh(s) Ours(s)
1 22 34.39 71.93
2 30 82.48 94.11
3 17 51.88 47.65
4 20 104.02 88.16
5 24 33.51 51.43
6 17 207.07 371.59
7 21 73.21 59.07
8 4 49.30 12.78
9 28 75.18 149.30

The results above are justified. For each fine fitting step,
we call the C++ reliable points function, which takes the

current S and the T meshes’ data as input, builds a new BVH
and computes and returns the reliable pairs as output. This
process, plus the communication protocol for interchanging
data between C++ and MATLAB, are computationally ex-
pensive for large meshes and/or in those cases where several
iterations are necessary. Nevertheless, considering that Yeh’s
technique is entirely implemented in C++, we can notice that
our implementation is more efficient in some cases.

VI. CONCLUSION

In this work we described theoretical and practical as-
pects of a MATLAB and C++ implementation of the cross-
parameterization technique proposed by Yeh at al [1]. We
noticed that the algorithm is not quite robust as the authors
claim to be. The importance of adequate control points is the
key to a better parameterization and impacts directly on the
fine fitting stage. In our experiments, we observed that bad
control points leads to a bad coarse fitting, and that the fine
fitting is not robust enough to handle with bad coarse meshes.
Furthermore, obtaining these feature points is a difficult task.
Even with our graphical tool ILSM, the selection of adequate
control points is a repetitive, trial and error process, making
necessary to run the whole parameterization pipeline with a
set of control points to verify if they are adequate or not.

Regarding the sizes of the meshes (see Table I), the target
mesh T should provide much more details, and, therefore,
should be bigger than the source mesh S. That is necessary
since the neighbors of a vertex vt

i should project onto neigh-
boring faces of tsj in the reliable correspondence procedure.
However, this would not be possible if the set Vt is very small
or very irregularly distributed in space.

Another important issue is the individual weights used in
the energy terms of the fine fitting stage. After carefully and
faithfully implementing those weights as described in [1], and
despite constantly double checking such values, they have
not proved satisfactory to represent curvature variations. In
order to deal with this situation, we assigned 1 to all weights
wi, ignoring them in the systems where they are used. As a
consequence, in some parts of the meshes with high-curvature
regions, we did not obtain so good results in comparison
to those provided in [1]. In such regions we noticed the
occurrence of triangle foldovers, which theoretically would be
solved by adding the last two energies in Equation (8).

The main limitation of the Yeh’s method is that it is not
able to map models with different genus, as shown in Fig. 4.
In future work we would like to develop a technique that
transforms both geometry and topology of the input models in
order to overcome this limitation. We also intend to use other
approaches to computing the individual weights in the energy
terms C1, C2 and C3. Finally, we plan to implement a GPU
version of the method, aiming at increasing performance and
computing parameterizations in interactive rates or real-time.
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Fig. 5. Test cases 2 to 9. First column shows the source and target meshes.
Middle and right columns show the results of our implementation and of Yeh’s
implementation, respectively. The meshes are colored by height. The Yeh’s
meshes are subdivided once after the fine fitting.
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